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OEMA A

Al.

A2,

AmodelEn oelida 106 o

Opiopog cerida '@ )

A3. a) Yevdng

X

P) @cwpodpe ™ cvvaptnon f(x)="—,x =0 yio v omoia 1oydet :
X

X

X

=Iimm:1, dumg 1o Iingf(x) dev VTLAPYEL APOD

lim|f (x)] = lim [~ =1 '

Xx—0 x—0

1
f(x)={ ) iig ko lim £ (x) =1 ev6> limf (x) =1

Ad. a)Zwotd P) Adboc y) AdBog d) AdBog €) Zwoto
®OEMA B
B1. To medio opiopod g eivar o Sidompo A =[-8,10)

H f eivar yvnoing ¢divovoa oto Sidompa A, =[-8,-3], yvnoing avéovca 6to
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diompa A, =(3,6] evod oto Sidotua A, =[6,10) sivar yvnoiog ¢divovso.

Hf ocvveyng oto A kot ta cOVoLa TIHGV TNG 6€ KAOE Eva amd T SLOGTHHOTO

povotoviag e eivan:  f(A,)=[f(-3),f(-8)]=[-35]
f(A;)=[f(-3).f(6)]=[-3.4]
F(A)=(limf (x),f(6) | =(~4.4]
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B2.
(i) v Twég Tov X Kovtd 610 6 Wyvet f(x)<4 apa f(x)-4<0 Kovid oto 6 Kt

= —00

lim(f (x)-4)=0 emopévag lim

X—6

1
f(x)-4

- .

'
(== P

O g————————
= ———— ==

- e e ——— D

e I

(i) Toyder Iingf(x):O opwg f(x)>0 6tav x - 9™ dpa lim — = o0 eved

x—9 f (x)
f(x)<0 otav x —» 9" dpa XILT Tlx) =—o0 ,GpolL TO 'X'LTJ Tlx) OEV VILAPYEL.

(iii) ®étovpe u=F(x) dpa u, =IXiLr11u=Iimf(x)=0 omoTE : Limf(u):f(0)<0

X—1

,miong lim(x—-1)=0 kot x-1>0 yw x <1 omodTE lim —— = o0 apo.

x—1" x-»1" X =1

nmf(f—(?)  lim [f (t (x)).il} _(0)-(+0)

x-1" X — x—1* X —

(0)<0
= —©
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B3. H fywnoing adéovca kot cuveyng oto A= [4, 6] dpo 10 GUVOAD TILDV TNG givart
f(A)= [f (4),f (6)] =[3,4], To nef(A) apa vrdpyer X, €(4,6) éT010 OOTE
f(X,)=m, 10 X, povadiko diotn f ywnoing avéovsa 6to A.
(Mropovpe emiong va kdvovue 10 Bedpnuo evolapéonv Tiwmy yo. v f oto
[4,6] M axoun kor Bedpnpa Bolzano y v cvvépmon f(x)—n oto idio
dtoTn o)
Ioyoer 4<x,<6=6<Xx,+2<8,010 dwotnua [6,8] n f sivar yvnoing
@bivovoa apa f(6)>F(x,+2)>f(8) o +2)<4
B4. H &iowon icodvvapa yiver

2021(f (x)—2021)-f (x)+2 ) & 2021(f (x) - 2021)f (x)+2021—-f (x) =0

< 2021-f (x)-(f(x) ~2021) =0 <> (f(x)-2021)(2021f (x)-1) =0

To 2021 dev avAKeL 6706 Xo Tipdv g f dpo f(x)—2021#0 yo kdbe x €A

emopéveg amd v tehevtoia e&lowon éyxovpe f(x):%ﬂn omoia €xel TPEig
akpPmg pileg d10TL:

e 0 aplOudc %21 aviiketoto f(A,) dpo vmapyet X, €(—6,-3) téT010g hote

f(x,)= ﬁ 70 X, povadko dotin f yvnoimg pdivovoa oto A,

e 0 apOudc %21 aviiketoto f(A,) dpa vdpyet X, € A, T£T010G BOTE

f(x2)=%21 70 X, povadiko dotin f yynoimg avéovoa oto A,

e 0 op1Ouoc %21 aviiketoto f(A;) Gpo vmapyet X, € A; TETOI0G DOTE

f(x;)= %21 70 X, povadwo dotin f yvnoing pbivovoa oto A,
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(o) To onueio A(l,f (1)) avnkel oty gubeia pe eicowon y=-2x+5
apa f(1)=-2-1+5<f(1)=3<=a+p=3 (1)

H «\ion g epantouévng evbeiag g f oto onueio A(l,f (1)) givon to /(1)

onote f'(1)=2<20="2a=-1
Avtikabiotovtog v Tun Tov o otvAL) tpoxontel =4

Apa f(x)=-x*+4,x2>0

(x,)>f(x,) ,apan fyvnoing

eBivovca 610 A = G NN f ovuveynmc oto A, ®G TOAV®VLUIKN TO

G6OVOLO TIHAV TN ¢ lim f(x),f (O)J =(—00,4]
XeA XxeR ,
B A, z{h(x) "o y @{X <4 SPO A, =(—04]

I2.

() H fyvnoimg povétovn oto A, dpa kot 1-1 ondte avtiotpépetat.

I'vopilovpe Ot 10 TEdio opiopod ¢ avtiotpoenc cvviptnone f e f elvon
10 ovvoro Tudv ™G T emopuévag ya va Bpovue v avtictpoen Ba Abcovue g

mpog X T e&icwon f(x)=y pe x>0 kot y<4

x>0

f(x):y<:>—x2+4:y<:>x2:4—yc>\/x72:\/m©)(:\/m
Apa 1(x) = VA e A, (04
Opwg (goh)(x)=g(h(x))=v—x+4 pe A, =(-o0,4]
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A" ®DAXH

Apa A=A, =A ku f*(x)=(geh)(x) v kdbe xeA emouévag ot

ocvvoptioelg ' kot goh eivar ioeg.

(B) A-tpomog

I'3.

(@)

()

Oé¢tovpe U=+v4-Xx U =4-x<Xx=4-U° kor U, = limu= lim v4—x =+

lim (7(x)+x) = lim

(m+x)= lim (u+4—u2)=—oo

B-tpomog

lim (f (x)+x)_ I|m J4-x x+x = li J+x = lim —x-,/i—1+x
X—>—0 XA)—OO X—>—00 X—>—00 XZ X
s @

Ecto M xl,f onueio g C,, n e€lomwon g epantopévng vbeiog

(e) oto M givaw: y—F(x,)=Ff'(x,)(x—x,)

H (¢) 61épyetar amd 1o onueio B(O, 8) dpa

8—f(xl):f’(xl)(O—x1)<:>8—(—x12 +4):—2x1(—x1)

X,20

S8+X° -4=2x" X' =4 X, =2
Enopévag y—f(2)=f'(2)(x-2) < y-0=-4(x-2) < y=—4x+8
Oswpovue ™ cvvaptnon q(x)=F(x)-f*(x) e A, =A; NA_, =[0,4]
Iepropilopacte oto ddotnpa [1,2] oto omoio n g &ivar cuvexng Kat emmALOV
q(1)=f(1)-f*(1)=3-43>0 evd q(2)=—v2<0 mradn q(1)-q(2)<0 &pa
omd Bedpnuo Bolzano vmapyet €va tovddyotov X, €(1,2) tétolo (Oote

A(X)=0=F(x))-F7(%,)=0, Mhadn o1 ypaPés TOPACTAGES TOV

ovvapticeav f,f1éuvoviar o onueio X, 1o omoio avhAkel oto ddoTnua
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(Lx,),0mov X, =2 1 TETUNUEVN TOL oNpeiov emapnig TG EPATTOUEVIG TOV

epotuatoc (o) pe v C,

I'4. T to opro lenQO [((XZ _4)2 +X 4)-11H[(f (x)lfl(x))ﬂ

‘Eyovpe:

fim (=) +x=4) | = lim (o =4 ~(49) | = tim (£ () (2 ()] -

= lim | (F(x))=(F*(3)) (£ () +

I'a Adyovg anddtrag Bétovue @ (x2—4)2+x—4)énou limg(x)=0 wou

X—Xg

ané 10 I3 (B) =0 10/ 4pGeetarl Iim{g(x)-m{ﬁﬂ omov
X=X X

limq(x)=q(x,)

X=X

g(X)'m{ﬁj =lo(x)|

<la(x)-1=[a(x) Gpa

_|q(x)|Sg(x).m{ﬁ]ﬂq(xﬂ Kol emedn XIerx10|q(x)|:0dpa Kot

XI|_>r£10 (—‘q(x)‘) =0 and KPP0 ToPEUBOATC EXOVLLE : XIl_)rp0 {g(x).n“(

OEMA A
Al.  Ano m oxéon x*-f(x)=1+ lim f?(x) ya kdbe x>0

X—>+00

npoxvmtel 61t lim fz(x)z(xz-fz(x)—l) eR omote lim f*(x)=

X—>+0 X—>+0

apa: x*-f#(x)=1+k ya ke x>0 dpa fz(x):lj(_zK

1+k

2

Enopévag : lim £2(x)= lim 0

X—>+0 X+ X

)
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Apa wyder : x*-f(x) =1y kGO X >0

x? -fz(x):1c>f2(x)=i@‘f(x)‘z—@‘f(x)‘zi,a(pob x>0

X2
f(x)=0e ‘f (x)‘ =0 % =0 advvorn.

H f cvveyng oto A=(0,+0) ko de undeviletar oe avtd
TPOGM 0.
, 1 , 1
Apa: f(x)==,x>01 f(x)=—=,x>0
X X

Ouwgn f téuver v y = X 6€ éva, Lovo glo,

X

Gpo Owatnpel

Av f(x):—i,x>0 101€ L1 6 —-1 advvartn emouévmg f(x)=l,x>0
X

x>0

aov M l:x<:>x2:1 =
X

A2.

(a) H ovvapmon f(x)==,x>0 givon mapaywyicyn oto (0,+w) pe
X

F(X) =

X

Ioyvouv: f(1)=1 xat f'(1)=-1 dpa 1 e&icwon ™g epantopévng evbeiog g f

oto M eivat:

y-f)=f'()(x-) oy-1=-1(x-]) oy-l=x+loy=—X+2
Mo ta onpeia mov tépver n gpamtopévn g f oto M tovg a&oveg Exovpe:

I'o y =0 maipvoope X =2 evo yuo X =0 maipvooue y =2

Apo tépver Tov X'x oto onueio A(2,0) kattov y'y oto onueio B(0,2)

(B) To péco tov evBOYpoppov Tuipatoc AB  éxet  ocvvietaypéveg

XA+XB yA+yB

2 2
AB

=(1,1) 7o omoio tawtiletar pe to onueio M dpa M péco tov

To gupaddv tov tprydvov OAB givar ico pe :

1 1 1
£ (0A) (0B)= 1| |ya| =3 222z
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A3.

(o) H e&iowon ¢ daydviov tov tetpaydvovr OKMA egivar 1y =X,0000 TO

B

A4.

onpeion O(0,0) kou M(L1) amd o omoio mEPVaeL avikovy otV SiYoTOUO NG
TPAOTNG Kol Tpitng yoviog tov advav mov &ival 1 gvbsia v mapamave
eElowon.

Apxkei va deiéovpe 6T N e&iowon g(x)=x &gt povadiki Aon oto Srdotpa
[0.4]

Ocwpodpe ™ cuvaptnon h(x)=g(x)—x,xe[0,1] n omoia eivar cuvexng.

EmumAéov h(0)=g(0)>0xat h(1)=g dnradn h(0)-h(1)<0
apo amd Osopnuo Bolzano vrdpys TO10 OGTE

h(X,)=0<09(X,)=X,
ZOUQ®VA LE TO, TOLPOTTO Be mepintwon n C, tépvel v y =X o€ onueio
TOV JLGTNHOTOG

9(x,)>9(x,) ko «

(0.1);. it
oto [0,1] Gpa o KO.

9(x*)-g(x*)2x*-x* = g(x*)-x*2g(x*)-x* < h(x*)2h(x*) = x* <X

Yoo k4O X, X, €[0,1] pe x,<x, éyovue

pa h(x,)>h(x,) dnradn n h yvnoing bivovsa

x*—x* <0< x*(x-1) <0, n tekevtaio wyvel yo kGBe x €[0,1]

Ocopoope  g(x)=4x*+8x*-1 pe xe[0,+0)n omoio eivor cvveng g
TOAVMVUUIKT).

"Ecto X;,X, €[0,+%0) pe X, <X, 1018 :

4 4 4 4
X, <X, =X, <X, =4X," <4X, (1)

X, <X, =X <X,® =8x°<8x,’ =8x>-1<8x,° -1 (2)

Me mpocbeon kotd pén tov (1),(2) maipvovpe q(x,)<q(x,) dpan qyvnoing

avéovoa  ot0  A=[0,4+0) kat TO oOVOAO TOV TG  &ivon

q(A):[q(O), lim q(x)):[—l, +0), 610 omoio avikel o 0 dpa vEapyst X, >0

X—>+00

T€1010 OOTE ((X,) =0, 10 X, povadikd apov 1 g yvnoing avéovso.

TA OEMATA ITPOOPIZONTAI I'TA AITOKAEIXTIKH XPHXH THX ®PONTIZXTHPIAKHX MONAAAX

ENMANAAHIITIKA OEMATA 2021 E_3.M)300(a)

| XEAIAA: 9 ATIO 10



E e OMOXIIONAIA EKITAIAEYTIKQN ®PONTIETQN EAAAAOZX (O.E.®.E.) - ETANAAHIITIKA OEMATA

QEg™ EITANAAHIITIKA OGEMATA 2021
@[3 A’ DATH

E_3.M’300(c)

‘Ect® A(oc,f(oc)) onueio g C, kot B(B,h(B)) onueio g C,, ot e£lodoelg

TOV EQATTOUEVOV gVOEIOV oTO onueia avTd glvat :
1

(al):y—f(oc)=f'(oc)(x—oc)<:>y—é=—%(x—a)<:>y=——2x+—

(04 (04

(&,):y—h(B)=h'(B)(x-B) = y+B*+1=-2B(x—B) < y=-2Bx+p* -1

I'o va €govv kowvn epantopévn Bo mpémet ot (g,),(g,)va tavtiovrar ,avto

ovpPaivel pdvo 6tTav to cvoTNUE EYXEL AD

1
200 ©
(XA

o

piCa dpa = 2x7

1
P=202
o=1-4 4o +80°-1=0

1-1
Opoc  4a* +8a° @@@ q(a)=q(x,)=a=X, povadun Oetikn
1
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